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Abstract
When is it possible to interpret a given Markov process as a Lévy-like process? Since the class of Lévy
processes can be defined by the relation between transition probabilities and convolutions, the answer
to this question lies in the existence of a convolution-like operator satisfying the same relation with
the transition probabilities of the process. It is known that the so-called Sturm-Liouville convolutions
have the desired properties and therefore the question above has a positive answer for a certain class of
one-dimensional diffusions. However, more general processes have never been systematically treated in
the literature.
This study addresses this gap by considering the general problem of constructing a convolution-like
operator for a given strong Feller process on a general locally compact metric space. Both necessary and
sufficient conditions for the existence of such convolution-like structures are determined, which reveal a
connection between the answer to the above question and certain analytical and geometrical properties
of the eigenfunctions of the transition semigroup.
The case of reflected Brownian motions on bounded domains of Rd and compact Riemannian manifolds is
considered in greater detail: various special cases are analysed, and a general discussion on the existence
of appropriate convolution-like structures is presented.
Keywords: Convolution-like operator, diffusion process, Lévy process, eigenfunction expansion,
Neumann Laplacian, product formula.
1 Introduction
We start by recalling a basic fact: if {Xt}t≥0 is a Brownian motion on Rd, then there exists a bilinear
operator  on the space of probability measures on Rd such that the law of Xt can be written as
P
[
Xt ∈ dy|Xs = x
]
= (µt−s  δx)(dy), 0 ≤ s ≤ t, x ∈ Rd (1.1)
where the measures µt satisfy the semigroup property µt+s = µt  µs. The operator  is, of course, the
ordinary convolution (µ  ν)(B) := ∫Rd ∫Rd δx+y(B)µ(dx)ν(dy), and the identity (1.1) is the convolution
semigroup property of Brownian motion, i.e. it expresses the fact that the Brownian motion is a Lévy
process. We can therefore interpret the class of Lévy processes as the natural generalization of the
Brownian motion into a family of processes which share the same divisibility property. Remarkably, this
family admits a complete characterization: this is the content of the famous Lévy-Khintchine theorem.
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Suppose now that {Xt}t≥0 is a Feller process on a general locally compact metric space E. In light of
the property stated above, one may ask: is it possible to construct an operator  on the space of probability
measures on E such that the law of {Xt} admits the convolution-like semigroup representation (1.1)?
An affirmative answer would show that the given process can be embedded into a family of processes
characterized by a natural analogue of the notions of stationarity and independence. In addition, it is
reasonable to expect that such a convolution-like operator will have properties which allow us to develop
analogues of the basic concepts and results in harmonic analysis. If so, and if the process’ infinitesimal
generator is an elliptic differential operator L, then the convolution-like structure becomes a valuable tool
for studying elliptic and parabolic differential equations determined by the operator L.
The case of one-dimensional diffusion processes – whose generators are Sturm-Liouville operators
`(u) := 1r
(−(pu′)′ + qu) on intervals of the real line – has been addressed by many authors [1, 5, 10,
33, 37, 46, 63]. It turns out that the crucial ingredient for constructing an associated convolution-
like operator is the existence of a family of probability measures νx,y such that the product formula
wλ(x)wλ(y) =
∫
wλ dνx,y holds for the solutions wλ (λ ≥ 0) of the Sturm-Liouville equation `(u) = λu
with Neumann boundary condition. The existence of such product formulas for a large class of Sturm-
Liouville operators has been established via a partial differential equation technique [46, 51, 52]. The
resulting Sturm-Liouville convolutions lead to a better understanding of the mapping properties of the
eigenfunction expansion determined by the Sturm-Liouville operator, and they constitute a natural en-
vironment for studying infinite divisibility, Lévy-like processes and other notions from probabilistic har-
monic analysis. In particular, the convolution-like semigroup representation (1.1) holds for the corre-
sponding one-dimensional diffusions.
The existing theory on convolution-like operators associated with stochastic processes is mostly limited
to one-dimensional diffusions, but the question formulated above is meaningful for a much more general
class of stochastic processes. This paper provides a general discussion of the construction of convolutions
for strong Feller processes on a locally compact separable metric space. Unlike previous studies, where
applications to stochastic processes were regarded as a by-product of a pre-existing convolution-like
structure [7, 26, 46], here the inclusion of a given process in some class of Lévy-like processes is the main
motivation.
This paper is organized as follows: Section 2, contains the definition of Feller-Lévy trivializable
convolutions, i.e., the basic properties which an operator  should satisfy to fulfil the requirements outlined
above. It also contains some key examples of diffusions (namely Brownian motions on various spaces)
which are within the scope of our general discussion, and an overview of some applications to harmonic
analysis which can be derived from the existence of a Feller-Lévy trivializable convolution. In Section 3
we derive both necessary and sufficient conditions relating the existence of the convolution structure with
certain properties of the eigenfunctions of the generator of the Feller semigroup, such as existence of a
common maximizer or positivity of a regularized product formula kernel. Most of this analysis is focused
on Feller semigroups on locally compact metric spaces whose spectrum is discrete. In the subsequent
Section 4 we digress into the (one-dimensional) case of semigroups generated by Sturm-Liouville operators
so as to show that similar results hold without discreteness assumptions on the spectrum. Section 5 is
devoted to the relation between convolution-like stuctures and (ultra)hyperbolic boundary value problems.
In Section 6 we discuss the existence of common maximizers for the eigenfunctions of multidimensional
diffusions. Some examples are presented which illustrate that one should not expect this property to hold
unless the state space has a special geometric configuration. We then prove, using standard results on
spectral theory of differential operators, that the common maximizer property does not hold for reflected
Brownian motions on smooth domains of Rd (d ≥ 2) or on compact Riemannian manifolds; this leads to
a nonexistence theorem for convolutions on such domains.
2
2 Background
Throughout the paper, the notations MC(E), M+(E) and P(E) stand for, respectively, the spaces of
finite complex, finite positive, and probability measures on a measurable space E. We write µn
v−→ µ to
indicate that the sequence µn converges to µ in the vague topology of measures. The Dirac measure at a
point x is denoted by δx, and the total variation norm of a measure µ ∈MC(E) is denoted by ‖µ‖. The
ball centred at x with radius ε > 0 is denoted by B(x; ε). We denote by C(E) the space of continuous
functions on E; Cb(E) the subspace of bounded continuous functions; C0(E) the subspace of functions
vanishing at infinity; Cc(E) the subspace of compactly supported functions; Ck(E) the space of functions
which are k times continuously differentiable; and Ckc (E) stands for the intersection Cc(E) ∩Ck(E). We
also denote by Bb(E) the space of bounded measurable (complex-valued) functions on E, provided with
the supremum norm ‖f‖∞ = sup{|f(x)| : x ∈ E}. For p ∈ [1,+∞], Lp(E,µ) denotes the Lebesgue space
of complex-valued functions on E, with the usual norm ‖ · ‖Lp(E,µ).
2.1 The notion of Feller-Lévy trivializable convolution
Since the seminal works of Delsarte [18] and Levitan [36], many axiomatic convolution-like structures
– such as generalized convolutions, generalized translations, hypercomplex systems and hypergroups –
have been proposed with the aim of identifying the essential features which allow one to derive analogues
of the basic facts of classical harmonic analysis [4, 5, 38, 57]. In this paper we introduce and study the
following notion of convolution-like structure:
Definition 2.1. Let E be a locally compact separable metric space, and let {Tt}t≥0 be a strong Feller
semigroup on E. We say that a bilinear operator  on MC(E) is a Feller-Lévy trivializable convolution
(FLTC) for {Tt} if the following conditions hold:
I. (MC(E), ) is a commutative Banach algebra over C (with respect to the total variation norm) with
identity element δa (a ∈ E), and (µ, ν) 7→ µ  ν is continuous in the weak topology of measures;
II. P(E)  P(E) ⊂ P(E);
III. There exists a family Θ ⊂ Bb(E) \ {0} such that
µ = µ1  µ2 if and only if µ(ϑ) = µ1(ϑ) ·µ2(ϑ) for all ϑ ∈ Θ,
where µ(ϑ) :=
∫
E
ϑ(ξ)µ(dξ);
IV. The transition kernel {pt,x}t≥0,x∈E of the semigroup {Tt} is of the form
pt,x = γt  δx, (2.1)
where {γt}t≥0 ⊂ P(E) is a family of measures such that γt+s = γt  γs for all t, s ≥ 0.
Conditions I and II in the above definition can be seen as basic axioms allowing us to interpret
(MC(E), ) as a probability-preserving convolution-like structure. Condition III requires the existence of
an integral transform with bounded kernels which determines uniquely a given measure µ ∈ MC(E) (in
the sense that if µ(ϑ) = ν(ϑ) for all ϑ ∈ Θ, then µ = ν) and trivializes the convolution in the same way
as the Fourier transform trivializes the ordinary convolution. As noted in [59], it is possible, in principle,
to study infinite divisibility of probability measures on measure algebras not satisfying Condition III;
however, it is natural to require Condition III to hold, not only because, to the best of our knowledge,
all known examples of convolution-like structures are constructed from a product formula of the form
ϑ(x)ϑ(y) = (δxδy)(ϑ) (and therefore possess such a trivializing family of functions) but also because this
trivialization property leads to a richer theory. Lastly, condition IV expresses the probabilistic motivation
mentioned above: the Feller semigroup {Tt} is conservative and has the convolution semigroup property
with respect to the operator ; in other words, a Feller process {Xt}t≥0 associated to {Tt} is a Lévy
process with respect to , in the sense that we have P [Xt ∈ · |Xs = x] = γt−s  δx for every 0 ≤ s ≤ t
and x ∈ E.
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2.2 Feller semigroups on locally compact metric spaces: key examples
The problem of existence of an associated FLTC is meaningful for any given strong Feller semigroup on
a locally compact separable metric space. In this subsection we introduce some basic examples of strong
Feller semigroups which constitute model cases that should be kept in mind while examining the general
results of Section 3. This subsection also serves as a preparation for Section 6, where we will provide
a definitive answer to whether it is possible to construct an FLTC for (reflected) Brownian motions on
domains of Rd and Riemannian manifolds.
We begin by recalling some notions from the theory of Dirichlet forms. Let m be a σ-finite measure
on E. We say that (E ,D(E)) is a Dirichlet form on L2(E,m) if D(E) is a dense subspace of L2(E,m)
and E is a nonnegative, closed, Markovian symmetric sesquilinear form defined on D(E) × D(E). The
associated non-positive self-adjoint operator (G(2),D(G(2))) is defined as
u ∈ D(G(2)) if and only if ∃φ ∈ L2(E,m) such that E(u, v) = −〈φ, v〉L2(E,m) for all v ∈ D(E)
and G(2)u := φ for u ∈ D(G(2)). The semigroup determined by E is defined by T (2)t := etG
(2)
(where
the latter is obtained by spectral calculus); one can show [12, Theorem 1.1.3] that {T (2)t } is a strongly
continuous, sub-Markovian contraction semigroup on L2(E,m). The Dirichlet form (E ,D(E)) is said to
be strongly local if E(u, v) = 0 whenever u ∈ D(E) has compact support and v ∈ D(E) is constant on a
neighbourhood of supp(u). It is said to be regular if D(E)∩Cc(E) is dense both in D(E) with respect to
the norm ‖u‖D(E) =
√E(u, u) + ‖u‖L2(E,m) and in Cc(E) with respect to the sup norm. A well-known
result [19, Theorem 7.2.1] states that if (E ,D(E)) is a regular Dirichlet form on L2(E,m) with semigroup
{T (2)t }t≥0, then there exists a Hunt process with state space E whose transition semigroup {Pt}t≥0 is
such that Ptu is, for all u ∈ Cc(E), a quasi-continuous version of T (2)t u. (A Hunt process is essentially a
strong Markov process whose paths are right-continuous and quasi-left-continuous; for details we refer to
[19, Appendix A.2].)
Now, we proceed with the announced examples.
Example 2.2. Let (E, g) be a complete Riemannian manifold, let m be the Riemannian volume on E
and let ∇ denote the Riemannian gradient on (E, g). The sesquilinear form
E(u, v) = 1
2
∫
E
〈∇u,∇v〉g dm, u, v ∈ D(E)
with domain
D(E) = closure of C∞c (E) in the Sobolev space H1(E) ≡ {u ∈ L2(E,m) | |∇u| ∈ L2(E,m)}
is a strongly local regular Dirichlet form on L2(E,m). The Hunt process {Xt}t≥0 with state space E
associated with this Dirichlet form is a Brownian motion on (E, g). One can show that the strongly
continuous contraction semigroup {Tt} determined by E is such that Tt
(
Bb(E)
) ⊂ Cb(E), so that the
Brownian motion {Xt} is a strong Feller process [53, Section 6]. Moreover, it is shown in [19, Example
5.7.2] that the Feller semigroup {Tt} is conservative provided that the Riemannian volume m is such that
lim inf
r→∞
1
r2
log m(B(x0; r)) <∞ for some fixed x0 ∈ E.
Let G : D(G) ⊂ C0(E) −→ C0(E) be the infinitesimal generator of the Brownian motion {Xt}. Then
Gu = 12∆u for u ∈ C∞c (E) ⊂ D(G), where ∆ is the Laplace-Beltrami operator on the Riemannian
manifold (E, g).
Example 2.3. Let E = Rd, m a positive function such that m, 1m ∈ Cb(Rd) and A = (ajk) a symmetric
d× d matrix-valued function such that ajk ∈ C(Rd) (for each j, k ∈ {1, . . . , d}) and
c−1|ξ|2 ≤
d∑
j,k=1
ajk(x)ξjξk ≤ c|ξ|2, (x, ξ) ∈ Rd × Rd (2.2)
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for some constant c > 0. The sesquilinear form
E(u, v) = 1
2
d∑
j,k=1
∫
Rd
ajk(x)
∂u
∂xj
∂v
∂xk
m(x)dx, u, v ∈ D(E)
with domain
D(E) = closure of C∞c (Rd) under the inner product E(·, ·) + 〈·, ·〉L2(m)
is a strongly local regular Dirichlet form on the space L2(m) ≡ L2(Rd,m(x)dx) [19, Section 3.1]. The
Hunt process {Xt}t≥0 associated with the Dirichlet form E is conservative [19, Example 5.7.1]. The
process {Xt}, which is called an (A,m)-diffusion on Rd, is a strong Feller process, cf. [54, Example
4.C and Proposition 7.5]. If, in addition, the functions ∂(majk)∂xj (j, k ∈ {1, . . . , d}) are locally square-
integrable, then the infinitesimal generator G of the Feller semigroup is the elliptic operator (Gu)(x) =
1
2m(x)
∑d
j,k=1
∂
∂xj
(
m(x)ajk(x)
∂u
∂xk
)
(for u ∈ C2c(Rd) ⊂ D(G)).
Example 2.4. Let E be the closure of a bounded Lipschitz domain E˚ ⊂ Rd and, as usual, let Hk(E)
(k ∈ N) be the Sobolev space defined as Hk(E) := {u ∈ L2(E, dx) | ∂αu ∈ L2(E, dx) for all α =
(α1, . . . , αd) with |α| ≤ k}. Let m ∈ H1(E) be a positive function such that m, 1m ∈ C(E) and let A =
(ajk) be a symmetric bounded d× d matrix-valued function such that ajk ∈ H1(E) for j, k ∈ {1, . . . , d}
and the uniform ellipticity condition (2.2) holds for (x, ξ) ∈ E × Rd. The sesquilinear form
E(u, v) = 1
2
d∑
j,k=1
∫
E
ajk(x)
∂u
∂xj
∂v
∂xk
m(x)dx, u, v ∈ D(E) = H1(E)
is a strongly local regular Dirichlet form on L2(E,m) ≡ L2(E,m(x)dx) whose associated Hunt process
is a conservative Feller process, cf. [13, 11]. The process {Xt} is called an (A,m)-reflected diffusion on
E. The infinitesimal generator G of the Feller process {Xt} is such that C2c(E˚) ⊂ D(G) and (Gu)(x) =
1
2m(x)
∑d
j,k=1
∂
∂xj
(
m(x)ajk(x)
∂u
∂xk
)
for u ∈ C2c(E˚). In the special case aij = δij and m = 1, the (A,m)-
reflected diffusion is known as the reflected Brownian motion on E, whose infinitesimal generator Gu =
1
2∆u is the so-called Neumann Laplacian on E.
Example 2.5. Let E be a locally compact separable metric space with distance d and let m be a locally
finite Borel measure on E with m(U) > 0 for all nonempty open sets U ⊂ E. Suppose that the triplet
(E,d,m) satisfies the measure contraction property introduced in [54, Definition 4.1]; roughly speaking,
this means that there exists a family of quasi-geodesic maps connecting almost every pair of points
x, y ∈ E and which satisfy a contraction property which controls the distortions of the measure m along
each quasi-geodesic. It was proved in [54] that the family of Dirichlet forms defined as
Er(u, u) = 1
2
∫
E
∫
B(x;r)\{x}
∣∣∣∣u(z)− u(x)d(z, x)
∣∣∣∣2 m(dz)√m(B(z; r)) m(dx)√m(B(x; r)) , r > 0
(and Er(u, v) defined via the polarization identity) converges as r ↓ 0 (in a suitable variational sense, see
[54]) to a strongly local regular Dirichlet form on L2(E,m). The associated Hunt process {Xt}t≥0 is a
strong Feller process with state space E. If the growth of the volumes m(B(x; r)) satisfies the condition
stated in [19, Theorem 5.7.3], then {Xt} is conservative. This class of strong Feller processes includes, as
particular cases, the diffusions of Examples 2.2 and 2.3 above, diffusions on manifolds with boundaries
or corners, spaces obtained by gluing together manifolds, among others.
2.3 Harmonic analysis with respect to Feller-Lévy trivializable convolutions
The body of the paper is devoted to deriving necessary and sufficient conditions for the existence of an
FLTC in a general framework that includes the examples given in the preceding subsection. As noted
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above, the motivation for this comes from the intention of extending the central concepts in the theory of
harmonic analysis to a given Feller semigroup. Before proceeding to our main topic, we glance at some
of the basic machinery that one can set up after having solved the problem of constructing an FLTC.
A Feller semigroup {Tt}t≥0 on E is said to be symmetric with respect to a positive Borel measure m
if
∫
E
(Ttf)(x) g(x)m(dx) =
∫
E
f(x) (Ttg)(x)m(dx) for f, g ∈ Cc(E). For simplicity, in this subsection we
assume that the metric space E is compact and the given strong Feller semigroup {Tt}t≥0 is symmetric
with respect to a finite measure m ∈M+(E). Unless otherwise stated, we also assume that there exists
an FLTC for the semigroup {Tt}t≥0 whose trivializing family is Θ = {ϕj}j∈N, where the ϕj are real-
valued eigenfunctions of the generator of {Tt} and constitute a countable orthogonal basis of L2(E,m).
(By the results in Section 3, we expect the trivializing family to be of this form whenever E is compact.)
The following result ensures the existence of an invariant measure on the algebra (MC(E), ) and
summarizes the mapping properties of the convolution on the spaces Lp(E,m).
Proposition 2.6. Let {Tt} be a strong Feller semigroup on a compact space E, and let  be an FLTC
for {Tt}. Let (G,D(G)) be the generator of {Tt}.
(a) The identity δx m = m holds for all x ∈ E;
(b) Let 1 ≤ p ≤ ∞ and µ ∈ MC(E). If f ∈ Lp(E,m), then the function (T µf)(x) :=
∫
E
f d(µ  δx) is
Borel measurable in x ∈ E and satisfies ‖T µf‖p ≤ ‖µ‖·‖f‖p (where ‖ · ‖p ≡ ‖ · ‖Lp(E,m)).
(c) Let p1, p2 ∈ [1,∞] such that 1p1 + 1p2 ≥ 1, and write T x := T δx (x ∈ E). For f ∈ Lp1(E,m) and
h ∈ Lp2(E,m), the -convolution
(f  h)(x) =
∫
M
(T yf)(x)h(y) m(dy)
is well-defined and, for r ∈ [1,∞] defined by 1r = 1p1 + 1p2 − 1, it satisfies
f  h ∈ Lr(E,m) with ‖f  h‖r ≤ ‖f‖p1‖h‖p2 .
(d) The Banach space L1(E,m), equipped with the convolution multiplication f · h ≡ f  h, is a com-
mutative Banach algebra without identity element.
(e) If f ∈ D(G) and h ∈ L1(E,m) then f  h ∈ D(G) and G(f  h) = (Gf)  h.
Proof. By the assumptions above we have (Ttϕj)(x) = e−λjtϕj(x), where λj is the eigenvalue of the
generator corresponding to the eigenfunction ϕj (see the proof of Proposition 3.2 below). Using this, one
can check that for all j we have (γt  δx  δy)(ϕj) =
∫
E
ϕj(ξ) qt(x, y, ξ) m(dξ), where
qt(x, y, ξ) :=
∞∑
j=1
1
‖ϕj‖22
e−λjtϕj(x)ϕj(y)ϕj(ξ)
and thus the measures (γt  δx  δy)(dξ) and qt(x, y, ξ) m(dξ) coincide. Consequently, for f ∈ C(E) we
have ∫
E
(δx  δy)(f) m(dy) = lim
t↓0
∫
E
f(ξ)qt(x, y, ξ)m(dξ) m(dy)
= lim
t↓0
∫
E
qt(x, y, ξ)m(dy) f(ξ)m(dξ) =
∫
E
f(y)m(dy)
which proved part (a).
Parts (b)–(e) are proved by arguing as in [52, Section 4] and [50, Proposition 4.9].
The basic notions of the theory of infinite divisibility of probability measures can be readily extended
to the measure algebra determined by an FLTC:
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Definition 2.7. Let {Tt} be a strong Feller semigroup on a compact space E, and let  be an FLTC for
{Tt}.
• The set Pid of -infinitely divisible measures is defined by
Pid =
{
µ ∈ P(E) ∣∣ for all n ∈ N there exists νn ∈ P(E) such that µ = (νn)n}
where (νn)n denotes the n-fold -convolution of the measure νn with itself.
• The -Poisson measure associated with ν ∈M+(E) is
e(ν) := e−‖ν‖
∞∑
n=0
νn
n!
(the infinite sum converging in total variation).
• A measure µ ∈ P(E) is called a -Gaussian measure if µ ∈ Pid and
µ = e(ν)  ϑ (ν ∈M+(E), ϑ ∈ Pid) =⇒ e(ν) = δa.
Like in the case of the ordinary convolution, there exists a one-to-one correspondence between -
infinitely divisible measures and -convolution semigroups, i.e. families {µt}t≥0 ⊂ P(E) such that
µt+s = µt  µs for all t, s ≥ 0, µ0 = δa, t 7−→ µt is weakly continuous. (2.3)
Indeed, we can state: if {µt} is a -convolution semigroup, then µt is (for each t ≥ 0) a -infinitely
divisible distribution; conversely, if µ is a -infinitely divisible distribution, then the semigroup {µt}
defined by µt(f) = µt(f) is the unique -convolution semigroup such that µ1 = µ. (The proof relies on
an argument similar to that for the ordinary convolution, see [47, Section 7], [5, Section 5.3].)
The following Lévy-Khintchine type representation for infinitely divisible measures is proved in [58]
(see also [30, Subsection 10.2]).
Theorem 2.8. Let {Tt} be a strong Feller semigroup on a compact space E, and let  be a FLTC for
{Tt}. Let µ ∈ Pid be a measure such that
δx  µ 6= µ for all x ∈ E \ {a}. (2.4)
Then the trivializing integrals µ(ϕj) can be represented in the form
µ(ϕj) = α(ϕj) exp
(∫
E\{a}
(
ϕj(x)− 1
)
ν(dx)
)
(j ∈ N) (2.5)
where ν is a σ-finite measure on E \ {a} which is finite on the complement of any neighbourhood of a
and such that ∫
E\{a}
(
1− ϕj(x)
)
ν(dx) <∞ (j ∈ N)
and α is a -Gaussian measure.
Conversely, if ν is a σ-finite measure satisfying the stated conditions and α is a -Gaussian measure
then there exists µ ∈ Pid satisfying (2.4) and such that (2.5) holds for all j ∈ N.
The next proposition shows that the problem of constructing Feller semigroups associated with a
given convolution measure algebra – which is the converse of the problem studied in this paper – has
a straightforward solution. (The proof is straightforward and does not depend on the existence of an
associated trivializing family, cf. e.g. [46, Proposition 2.1].)
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Proposition 2.9. Let E be a compact metric space and let  be a bilinear operator onMC(E) satisfying
conditions I and II of Definition 2.1. Let {µt} ⊂ P(E) be a -convolution semigroup, i.e. a family of
measures for which (2.3) holds. For ν ∈M+(E), let T ν : C(E) −→ C(E) be the operator defined as
(T νf)(x) :=
∫
E
f d(ν  δx).
Then the family of operators {T µt}t≥0 constitutes a conservative Feller semigroup.
An E-valued time-homogeneous Markov process {Xt}t≥0 is called a -Lévy process if its transition
probabilities pt,x = P [Xt ∈ ·|X0 = x] can be written in the form (2.1) for some -convolution semigroup
{µt}. Some equivalent martingale characterizations are given next. (The proof is the same as in [46,
Theorem 3.4].)
Proposition 2.10. Let {Tt} be a strong Feller semigroup on a compact space E, and let  be an FLTC
for {Tt}. Let {µt}t≥0 be a -convolution semigroup and ψj := logµ1(ϕj). Let (A,D(A)) be the generator
of the Feller semigroup {T µt}t≥0 (Proposition 2.9), and let X be an E-valued càdlàg Markov process.
The following assertions are equivalent:
(i) X is a -Lévy process associated with {µt};
(ii) {etψjϕj(Xt)}t≥0 is a martingale for each j ∈ N;
(iii)
{
ϕj(Xt)− ϕj(X0) + ψj
∫ t
0
ϕj(Xs) ds
}
t≥0 is a martingale for each λ ≥ 0;
(iv) {f(Xt)− f(X0)−
∫ t
0
(Af)(Xs) ds} is a martingale for each f ∈ D(A).
We refer to [4, 5] and references therein for other properties of convolution algebras determined by
FLTCs which constitute analogues of standard results in harmonic analysis.
3 Characterizations of Feller-Lévy trivializable convolutions on
locally compact spaces
3.1 A necessary condition: the common maximizer property
In this subsection we will prove that the FLTC axioms (i.e. conditions I–IV of Definition 2.1) entail a
strong restriction on the behaviour of the eigenfunctions of the Feller semigroup: their maximum must
be located at a common point of the metric space E.
Given a Feller semigroup {Tt}t≥0 on E, its η-resolvent operator is defined as
Rη : Cb(E) −→ Cb(E), Rηf :=
∫ ∞
0
e−ηt Ttf dt (η > 0)
and we define the Cb-generator
(G(b),D(G(b))) as the operator with domain D(G(b)) = Rη(Cb(E)) and
given by
(G(b)u)(x) = ηu(x)− g(x) for u = Rηg, g ∈ Cb(E), x ∈ E.
(One can check that G(b) is independent of η.) The following proposition and corollary show that the
existence of an FLTC for {Tt} implies that all the trivializing functions are eigenfunctions of the Cb-
generator and, in addition, are uniformly bounded by their value at the identity element a ∈ E.
Proposition 3.1. Let {Tt} be a strong Feller semigroup on a locally compact separable metric space E,
and let  be a bilinear operator on MC(E) satisfying conditions I, II and IV of Definition 2.1. Suppose
that ϑ ∈ Bb(E), ϑ 6≡ 0 is a function such that
(δx  δy)(ϑ) = ϑ(x) ·ϑ(y) for all x, y ∈ E. (3.1)
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Then ϑ(a) = ‖ϑ‖∞ = 1. Moreover, ϑ is an eigenfunction of the Cb-generator (G(b),D(G(b))) associated
with an eigenvalue of nonpositive real part, in the sense that we have ϑ ∈ D(G(b)) and G(b)ϑ = −λϑ for
some λ ∈ C with Reλ ≥ 0.
Proof. Clearly, ϑ(x) = δx(ϑ) = (δx  δa)(ϑ) = ϑ(x)ϑ(a) for all x ∈ E. Since ϑ 6≡ 0, this implies that
ϑ(a) = 1.
Next, pick ε > 0 and choose x0 ∈ E such that |ϑ(x0)| > ‖ϑ‖∞ − ε. Then (‖ϑ‖∞ − ε)2 < |ϑ(x0)|2 =
|(δx0  δx0)(ϑ)| ≤ ‖ϑ‖∞ (by condition II, δx0  δx0 ∈ P(E), which justifies the last step). Since ε is
arbitrary, ‖ϑ‖2∞ ≤ ‖ϑ‖∞, hence ‖ϑ‖∞ ≤ 1.
Since  is bilinear and weakly continuous, a straightforward argument yields that (µ  ν)(dξ) =∫
E
∫
E
(δx  δy)(dξ)µ(dx)ν(dy) for µ, ν ∈MC(E). Consequently, (3.1) implies that (µ  ν)(ϑ) = µ(ϑ)·ν(ϑ)
for all µ, ν ∈MC(E). In particular,
(Ttϑ)(x) ≡ pt,x(ϑ) = (µt  δx)(ϑ) = µt(ϑ) ·ϑ(x)
due to condition IV. Given that {Tt} is strong Feller, we have Ttϑ ∈ Cb(E) and therefore ϑ = Ttϑµt(ϑ) ∈
Cb(E). Moreover, the fact that {Tt} is a Feller semigroup ensures that µt(ϑ) = (Ttϑ)(a) is a continuous
function of t which, by condition IV, satisfies the functional equation µt+s(ϑ) = µt(ϑ)µs(ϑ). Therefore
µt(ϑ) = e
−λt for some λ ∈ C, and the fact that |µt(ϑ)| ≤ ‖ϑ‖∞ = 1 implies that Reλ ≥ 0. We thus have
Ttϑ = e
−λtϑ and Rηϑ = ϑλ+η for η > 0, so we conclude that ϑ ∈ D(G(b)) and G(b)ϑ = −λϑ.
It is worth noting that if the strong Feller semigroup {Tt} is symmetric with respect to a finite
measure m ∈M+(E), then the space Cb(E) is contained in L2(E,m); accordingly, the Feller semigroup
{Tt}t≥0 and the Cb-generator G(b) extend, respectively, to a strongly continuous semigroup {T (2)t } of
symmetric operators on L2(E,m) and to the corresponding infinitesimal generator G(2). In this setting,
the trivializing functions ϑ ∈ Θ are eigenfunctions of the L2-generator G(2). Applying spectral-theoretic
results for self-adjoint operators on Hilbert spaces, we can deduce further properties for the trivializing
functions:
Proposition 3.2. Let {Tt} be a Feller semigroup on a locally compact separable metric space E.
(a) Suppose the corresponding transition kernels {pt,x(·)}t>0,x∈E are of the form pt,x(dy) = pt(x, y)m(dy)
for some finite measure m ∈M+(E) and some density function pt(x, y) which is bounded and symmetric
on E × E for each t > 0. Then:
(a1) {Tt} is strong Feller, symmetric with respect to m, and admits an extension {T (2)t } which is a
strongly continuous semigroup on the space L2(E,m);
(a2) There exists a sequence 0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ . . ., and an orthonormal basis {ωj}j∈N of L2(E,m)
such that
T
(2)
t ωj = e
−λjtωj (t ≥ 0), G(2)ωj = −λjωj
where G(2) stands for the generator of the L2-semigroup {T (2)t }. The sequence of eigenvalues is
such that
∑∞
j=1 e
−λjt <∞ for each t > 0 (so that, in particular, limj→∞ λj =∞).
(b) Assume also that  is an FLTC for {Tt} and that Θ is the family of trivializing functions for . Write
Sk = {j ∈ N | λj = λk} and mk = |Sk| (k ∈ N). Then each function ϑ ∈ Θ is a solution of G(2)ϑ = −λjϑ
for some j ∈ N. Furthermore, there exist functions {ϑj}j∈N ⊂ Θ such that
span({ωj}j∈Sk) = span({ϑj}j∈Sk)
and, consequently, span(Θ) = L2(E,m).
Proof. (a1) The strong Feller property follows from [8, Theorem 1.14]. The symmetry with respect to
m is obvious, and it is straightforward to show that for f ∈ Cc(E) we have ‖Ttf‖L2(E,m) ≤ ‖f‖L2(E,m)
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and ‖Ttf − f‖L2(E,m) → 0 as t ↓ 0, so that the extension {T (2)t } is a strongly continuous semigroup on
L2(E,m).
(a2) Let 〈·, ·〉 be the inner product on L2(E,m). By the spectral theorem for compact self-adjoint
operators (cf. e.g. [55, Theorem 6.7]), the operator T (2)1 can be written as T
(2)
1 =
∑∞
j=1 µj〈ωj , ·〉ωj , where
µ1 ≥ µ2 ≥ . . . are the eigenvalues of T (2)1 and {ωj}j∈N is an orthonormal basis of L2(E,m) such that
each ωj is an eigenfunction of T
(2)
1 associated with the eigenvalue µj ; in addition, we have µ1 ≤ ‖T (2)1 ‖
and µj ↓ 0 as j →∞. If we define λj = − logµj , then it follows that T (2)t =
∑∞
j=1 e
−λjt〈ωj , ·〉ωj . (This
can be justified as follows, cf. [20, pp. 463–464] for further details: we know that (T (2)1 −µj)ωj = (T (2)1/2 +
µ
1/2
j )(T
(2)
1/2 − µ1/2j )ωj = 0, and all the eigenvalues of (T (2)1/2 + µ1/2j ) are positive, hence T (2)1/2ωj = µ1/2j ωj ;
similarly T (2)t ωj = e−λjtωj for all t = m/2k and thus, by strong continuity, for all t > 0.) Consequently,
G(2)ωj = limt↓0 1t (T (2)t ωj−ωj) = −λjωj . Since m is a finite measure and the densities pt(·, ·) are bounded,
the operator T (2)t is, for each t > 0, a Hilbert-Schmidt operator, and therefore we have
∑∞
j=1 e
−λjt <∞
for all t > 0.
(b) By Proposition 3.1, each ϑ ∈ Θ is such that G(2)ϑ = −λϑ for some λ ∈ C. Given that Θ ⊂
L2(E,m) and eigenfunctions associated with different eigenvalues are orthogonal, we have λ = λj because
otherwise we get a contradiction with the basis property of {ωj}. Next, fix t > 0, k ∈ N and let Θk := {ϑ ∈
Θ | T (2)t ϑ = e−λktϑ} ⊂ L2(E,m). Given that {ωj}j∈Sk is a basis of the eigenspace associated with λk, we
have span(Θk) ⊂ span({ωj}j∈Sk). To prove the reverse inclusion, let h ∈ span({ωj}j∈Sk) ∩ span(Θk)⊥,
write νh(dx) := h(x)m(dx) and observe that (since m is a finite measure) νh ∈MC(E). Then the integral
νh(ϑ) =
∫
E
ϑ(x)h(x)m(dx)
is equal to zero for ϑ ∈ Θk because h ∈ span(Θk)⊥, and is also equal to zero for ϑ ∈ Θ \ Θk because
then h and ϑ are eigenfunctions of T (2)t associated with different eigenvalues. Since measures ν ∈MC(E)
are uniquely determined by the integrals {ν(ϑ)}ϑ∈Θ, it follows that νh = 0 and therefore h = 0; this
shows that span(Θk) = span({ωj}j∈Sk). It follows at once that there exist linearly independent functions
{ϑj}j∈N ⊂ Θ such that span({ωj}j∈Sk) = span({ϑj}j∈Sk).
The conclusions of Proposition 3.2 are valid, in particular, for the Feller semigroups associated with the
Brownian motion on a compact Riemannian manifold or with an (A,m)-reflected diffusion on a bounded
Lipschitz domain, cf. Examples 2.2 and 2.4 respectively. (Indeed, it follows from e.g. [54, Theorem 7.4]
that in both cases we have pt,x(dy) = pt(x, y)m(dy) with pt(x, y) bounded and symmetric; recall also
that compact Riemannian manifolds have finite volume, cf. e.g. [22, Theorem 3.11].)
The bottom line of Propositions 3.1 and 3.2 is that if there exists an FLTC for a Feller semigroup
{Tt} satisfying the assumptions above, then the following common maximizer property holds:
CM. There exists a set {ϑj}j∈N of eigenfunctions of G(2) and a point a ∈ E such that span{ϑj}j∈N is
dense in L2(E,m) and ϑj(a) = ‖ϑj‖∞ = 1 for every j ∈ N.
(The functions ϑj associated with a common eigenvalue need not be orthogonal in L2(E,m).) The
common maximizer property will play a fundamental role in the proof of the inexistence results established
in Subsection 6.2.
3.2 Sufficient conditions on compact metric spaces
In the context of Feller semigroups determined by one-dimensional diffusions, it has been shown that
the positivity of the kernel of a regularized product formula is a key ingredient for the construction of
probability-preserving convolution-like operators [51, Section 4]. The next result shows that a similar
positivity condition is enough to ensure the existence of an FLTC for a Feller semigroup on a general
compact metric space.
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Proposition 3.3. Under the assumptions of part (a) of Proposition 3.2, assume that the metric space E
is compact. Let 0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ . . . be the eigenvalues of −G(2) and let {ϕj}j∈N ⊂ L2(E,m) be an
orthogonal set of functions such that
T
(2)
t ϕj = e
−λjtϕj , ϕ1 = 1, sup
j
‖ϕj‖2 <∞
where ‖ · ‖2 denotes the norm of the space L2(E,m). Then ϕj ∈ C(E) for all j ∈ N, and the series∑∞
j=1
1
‖ϕj‖22 e
−λjtϕj(x)ϕj(y)ϕj(ξ) is absolutely convergent for all t > 0 and x, y, ξ ∈ E. Moreover, the
following assertions are equivalent:
(i) We have
qt(x, y, ξ) :=
∞∑
j=1
1
‖ϕj‖22
e−λjtϕj(x)ϕj(y)ϕj(ξ) ≥ 0 (3.2)
for all t > 0 and x, y, ξ ∈ E.
(ii) For each x, y ∈ E there exists a measure νx,y ∈ P(E) such that the product ϕj(x)ϕj(y) admits the
integral representation
ϕj(x)ϕj(y) =
∫
E
ϕj(ξ)νx,y(dξ), x, y ∈ E, j ∈ N. (3.3)
If these equivalent conditions hold and, in addition, there exists a ∈ E such that ϕj(a) = 1 for all j ∈ N,
then the bilinear operator  onMC(E) defined as
(µ  ν)(dξ) =
∫
E
∫
E
νx,y(dξ)µ(dx) ν(dy) (3.4)
is an FLTC for {Tt} with trivializing family Θ = {ϕj}j∈N.
Proof. Denote the inner product of the space L2(E,m) by 〈·, ·〉. For each ε > 0 we have
|ϕj(x)| = eλjε|(T (2)ε ϕj)(x)| = eλjε〈ϕj , pε(x, ·)〉 ≤ cε m(E)1/2 eλjε‖ϕj‖2 <∞ for m-a.e. x ∈ E (3.5)
where cε = sup(x,y)∈E×E pε(x, y). This shows that the function ϕj belongs to the space Bb(E) (possibly
after redefining ϕj on a m-null set). Since {Tt} is strong Feller (Proposition 3.2), it follows that ϕj =
eλjεTεϕj ∈ C(E). The assumption that supj ‖ϕj‖2 < ∞, together with the estimate (3.5), ensures that
the series
∑∞
j=1
1
‖ϕj‖22 e
−λjtϕj(x)ϕj(y)ϕj(ξ) is absolutely convergent.
Suppose that (3.2) holds and fix x, y ∈ E. For t > 0, let νt,x,y ∈ M+(E) be the measure defined by
νt,x,y(dξ) = qt(x, y, ξ)m(dξ). We have∫
E
ϕj(ξ)νt,x,y(dξ) =
∫
E
ϕj(ξ)
∞∑
k=1
1
‖ϕj‖22
e−λktϕk(x)ϕk(y)ϕk(ξ) m(dξ)
=
∞∑
k=1
1
‖ϕj‖22
e−λktϕk(x)ϕk(y) 〈ϕj , ϕk〉
= e−λjtϕj(x)ϕj(y)
(3.6)
It then follows from (3.6) (with j = 1) that νt,x,y(E) = 1, so that
νt,x,y ∈ P(E) for all t > 0, x, y ∈ E.
Now, let {tn}n∈N be an arbitrary decreasing sequence with tn ↓ 0. Since any uniformly bounded sequence
of finite positive measures contains a vaguely convergent subsequence, there exists a subsequence {tnk}
and a measure νx,y ∈ M+(E) such that νtnk ,x,y
v−→ νx,y as k → ∞. Let us show that all such
subsequences {νtnk ,x,y} have the same vague limit. Suppose that t1k, t2k are two different sequences with
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tsk ↓ 0 and that νtsk,x,y
v−→ νsx,y as k → ∞ (s = 1, 2). Recalling that E is compact, it follows that for all
h ∈ C(E) and ε > 0 we have∫
E
(Tεh)(ξ)ν
s
x,y(dξ) = lim
k→∞
∫
E
(Tεh)(ξ)νtsk,x,y(dξ)
= lim
k→∞
∞∑
j=1
1
‖ϕj‖22
e−λj(t
s
k+ε)ϕj(x)ϕj(y) 〈h, ϕj〉
=
∞∑
j=1
1
‖ϕj‖22
e−λjεϕj(x)ϕj(y) 〈h, ϕj〉
where the second equality follows from the identities 〈qt(x, y, ·), ϕj〉 = e−λjtϕj(x)ϕj(y) and 〈Tεh, ϕj〉 =
〈h, Tεϕj〉 = e−λjε〈h, ϕj〉. Consequently, we have∫
E
(Tεh)(ξ)ν
1
x,y(dξ) =
∫
E
(Tεh)(ξ)ν
2
x,y(dξ) for all ε > 0. (3.7)
Since h ∈ C(E), by strong continuity of the Feller semigroup {Tt} we have limε↓0 ‖Tεh − h‖∞ = 0, so
by taking the limit ε ↓ 0 in both sides of (3.7) we deduce that ν1x,y(h) = ν2x,y(h), where h ∈ C(E) is
arbitrary; therefore, ν1x,y = ν2x,y. Thus all subsequences have the same vague limit, and from this we
conclude that νt,x,y
v−→ νx,y as t ↓ 0. The product formula (3.3) is then obtained by taking the limit
t ↓ 0 in the leftmost and rightmost sides of (3.6).
Conversely, suppose that (3.3) holds for some measure νx,y ∈ M+(E). Noting that for h ∈ C(E) we
have 〈
h, pt(x, ·)
〉
= (Tth)(x) =
∞∑
j=1
1
‖ϕj‖22
〈Tth, ϕj〉ϕj(x)
=
∞∑
j=1
1
‖ϕj‖22
e−λjt〈h, ϕj〉ϕj(x)
=
〈
h,
∞∑
j=1
1
‖ϕj‖22
e−λjtϕj(x)ϕj(·)
〉
we see that pt(x, y) =
∑∞
j=1
1
‖ϕj‖22 e
−λjtϕj(x)ϕj(y). Consequently, we have
qt(x, y, ξ) =
∞∑
j=1
1
‖ϕj‖22
e−λjtϕj(x)
∫
E
ϕj(z)νy,ξ(dz) =
∫
E
pt(x, z)νy,ξ(dz) ≥ 0 (t > 0, x, y ∈ E)
because both the density pt(x, ·) and the measures νy,ξ are nonnegative.
Finally, assume that ϕj(a) = 1 for all j and that (ii) holds. Let  be the operator defined by (3.4).
To prove that Θ = {ϕj}j∈N satisfies condition III in Definition 2.1, it only remains to show that each
µ ∈MC(E) is uniquely characterized by {µ(ϕj)}j∈N. Indeed, if we take µ ∈MC(E) such that µ(ϕj) = 0
for all j, then for h ∈ C(E) and t > 0 we have∫
E
(Tth)(x)µ(dx) =
∫
E
∞∑
j=1
1
‖ϕj‖22
e−λjt〈h, ϕj〉ϕj(x)µ(dx) =
∞∑
j=1
e−λjt〈h, ϕj〉µ(ϕj) = 0
and this implies that µ(h) = 0 for all h ∈ C(E), so that µ ≡ 0. Using the fact that Θ satisfies condition
III, we can easily check that  is commutative, associative, bilinear and has identity element δa. It is also
straightforward that ‖µ  ν‖ ≤ ‖µ‖·‖ν‖ and that P(E)  P(E) ⊂ P(E). If xn → x and yn → y, then
(δxn  δyn)(ϕj) = ϕj(xn)ϕj(yn) −→ ϕj(x)ϕj(y) = (δx  δy)(ϕj) (j ∈ N)
and therefore (by a standard vague convergence argument, cf. [52, Remark 6.4]) δxn  δyn v−→ δx  δy; it
is then straightforward to conclude that (µ, ν) 7→ µ  ν is continuous in the weak topology. Noting that
pt,x(ϕj) = e
−λjtϕj(x) = pt,a(ϕj)δx(ϕj), we conclude that  is an FLTC for {Tt}.
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Combining the proposition above with the common maximizer property of the previous subsection,
we obtain the following characterization for the existence of an FLTC associated with a Feller semigroup
whose eigenvalues are simple:
Corollary 3.4. In the conditions of Proposition 3.3, assume that the operator T (2)1 has simple spectrum
(i.e. all the eigenvalues e−λj have multiplicity 1). Let {(λj , ωj)}j∈N be the eigenvalue-eigenfunction pairs
defined in Proposition 3.2. Then the following are equivalent:
(i) There exists an FLTC for {Tt}t≥0;
(ii) There exists a ∈ E such that |ωj(a)| = ‖ωj‖∞ for all j ∈ N, and the positivity condition (3.2) holds
for the eigenfunctions ϕj(x) :=
ωj(x)
ωj(a)
.
Proof. The implication (ii) =⇒ (i) follows from the final statement in Proposition 3.3. Conversely,
if (i) holds then the common maximizer property discussed above implies that Θ = {ϕj}j∈N where
ϕj(x) :=
ωj(x)
ωj(a)
; from this it follows (by condition III of Definition 2.1) that (3.3) holds with νx,y = δx  δy
and therefore (by Proposition 3.3) the ϕj satisfy the positivity condition (3.2).
We note here that the assumption that T (2)t (or, equivalently, the generator G(2)) has no eigenvalues
with multiplicity greater than 1 is known to hold for many strong Feller semigroups of interest. In fact,
it is proved in [25, Example 6.4] that the property that all the eigenvalues of the Neumann Laplacian
are simple is a generic property in the set of all bounded connected C2 domains E ⊂ Rd. (The meaning
of this is the following: given a bounded connected C2 domain E, consider the collection of domains
M3(E) = {h(E) | h : E −→ Rd is a C3-diffeomorphism}, which is a separable Banach space, see [25] for
details concerning the appropriate topology. Let Msimp ⊂ M3(E) be the subspace of all E˜ ∈ M3(E)
such that all the eigenvalues of the Neumann Laplacian on E˜ are simple. Then Msimp can be written as
a countable intersection of open dense subsets of M3(E).) Similar results hold for the Laplace-Beltrami
operator on a compact Riemannian manifold: it was proved in [56] that, given a compact manifold M ,
the set of Riemannian metrics g for which all the eigenvalues of the Laplace-Beltrami operator on (M, g)
are simple is a generic subset of the space of Riemannian metrics on M .
However, one should not expect the property of simplicity of spectrum to hold for Euclidean domains
or Riemannian manifolds with symmetries. For instance, if a bounded domain E ⊂ R2 is invariant under
the natural action of the dihedral group Dn, then one can show (see [23]) that the Dirichlet or Neumann
Laplacian on E has infinitely many eigenvalues with multiplicity ≥ 2.
4 The one-dimensional case
As mentioned in the Introduction, the construction of probability-preserving convolution-like operators
for one-dimensional diffusion semigroups generated by Sturm-Liouville operators has been the subject
of many papers. As one would expect, the known existence theorems rely on a detailed study of the
Sturm-Liouville eigenfunction expansion. We refer to [4, 5, 51, 52] and references therein for background
on convolutions of Sturm-Liouville type.
The aim of this section is to prove that the necessary and sufficient condition for existence of FLTCs
stated in Corollary 3.4 can be extended to one-dimensional (Feller) diffusion semigroups on possibly
unbounded intervals and whose spectrum needs not be discrete. This will build upon and generalize our
previous results in [51, Section 4].
We first review some notions from Sturm-Liouville theory. Consider the Sturm-Liouville operator
` = −1
r
d
dx
(
p
d
dx
)
, x ∈ (a, b) (4.1)
where we assume that the coefficients are such that p(x), r(x) > 0 for all x ∈ (a, b), p, p′, r, r′ ∈ ACloc(a, b),
the endpoint a is regular or entrance, and the endpoint b is regular, entrance or natural. (The classification
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as a regular, entrance, exit or natural endpoint refers to the Feller boundary classification, cf. e.g. [28,
Section 5.11].) Denote by wλ(·) the solution of the initial value problem
`(w) = λw (a < x < b, λ ∈ C), w(a) = 1, (pw′)(a) = 0.
(The existence of a unique solution is proved in [51, Lemma 2.1].) The Neumann realization of ` is the
operator (L(2),D(L(2))) defined as
D(L(2)) :=

{
u ∈ L2(r) ∣∣ u, u′ ∈ ACloc(a, b), `(u) ∈ L2(r), (pu′)(a) = 0} if b is natural{
u ∈ L2(r)
∣∣∣∣ u, u′ ∈ ACloc(a, b), `(u) ∈ L2(r),(pu′)(a) = (pu′)(b) = 0
}
if b is regular or entrance
and L(2)u = `(u) for u ∈ D(L(2)). Let F : L2(r) −→ L2(R;ρL) be the eigenfunction expansion of the
Neumann realization of `, which is an isometric isomorphism given by [51, Proposition 2.5]
(Fh)(λ) :=
∫ b
a
h(x)wλ(x) r(x)dx, (F−1ϕ)(x) =
∫
Λ
ϕ(λ)wλ(x)ρL(dλ) (4.2)
where ρL is a locally finite positive Borel measure on R and Λ := supp(ρL). Let I = [a, b) if b is
natural and I = [a, b] if b is regular or entrance, and denote by {T (2)t }t≥0 the semigroup generated by
(L(2),D(L(2))). By [51, Proposition 2.7], the restriction of {T (2)t } to Cc(a, b) extends to a Feller process
{Tt}t≥0 on I which for h ∈ C0(I) ∩ L2(r) admits the representations
(Tth)(x) =
∫ b
a
h(y) p(t, x, y) r(y)dy =
∫
Λ
e−tλwλ(x) (Fh)(λ)ρL(dλ) t > 0, x ∈ (a, b) (4.3)
where p(t, x, y) =
∫
Λ
e−tλ wλ(x)wλ(y)ρL(dλ).
We are now able to state the advertised characterization for the existence of an FLTC for the Feller
semigroup generated by the Neumann realization of `:
Proposition 4.1. Assume that e−t· ∈ L2(Λ;ρL) for all t > 0. Then the following are equivalent:
(i) There exists an FLTC for {Tt}t≥0 with trivializing family Θ = {wλ}λ∈Λ.
(ii) We have wλ ∈ Cb(I) for all λ ∈ Λ, and the function
qt(x, y, ξ) :=
∫
Λ
e−tλwλ(x)wλ(y)wλ(ξ)ρL(dλ)
(
t > 0, x, y, ξ ∈ (a, b)) (4.4)
is well-defined as an absolutely convergent integral; moreover, the measures defined as νt,x,y(dξ) =
qt(x, y, ξ) r(ξ)dξ are such that {νt,x,y}0<t≤1, x,y∈(a,β] is, for each β < b, a tight family of probability
measures on I.
Proof. (i)=⇒ (ii): Let  be an FLTC for {Tt}t≥0 and pt,x = µt  δx the transition kernel of {Tt}t≥0.
Since the wλ are multiplicative linear functionals on the Banach algebra (MC(I), ), we have ‖wλ‖∞ = 1
for all λ ∈ Λ, hence the right-hand side of (4.4) is absolutely convergent. Moreover,
(µt  δx  δy)(wλ) = e−tλwλ(x)wλ(y) = F [qt(x, y, ·)](λ)
(
t > 0, x, y ∈ (a, b))
and it follows that for g ∈ Cc(I)∫
I
g(ξ) (µt  δx  δy)(dξ) = lim
s↓0
∫
I
(Tsg)(ξ) (µt  δx  δy)(dξ)
= lim
s↓0
∫
Λ
(Fg)(λ) e−(t+s)λwλ(x)wλ(y)ρ(dλ)
=
∫
I
g(ξ) qt(x, y, ξ) r(ξ)dξ
14
where we used (4.3), Fubini’s theorem and the isometric property of F . Since g is arbitrary, this shows that
the measures (µt  δx  δy)(dξ) and νt,x,y(dξ) := qt(x, y, ξ) r(ξ)dξ coincide. Consequently, νt,x,y ∈ P(I)
for all t > 0 and x, y ∈ (a, b). Since {Tt} is a Feller process, the mapping (t, x) 7→ pt,x = µt  δx
is continuous on [0,∞) × I with respect to the weak topology of measures, and therefore the family
{νt,x,y}0<t≤1, x,y∈(a,β] is relatively compact, hence tight.
(ii)=⇒(i): In the case where b is regular or entrance, this implication follows from Proposition 3.3.
Assume that (ii) holds and that b is natural. It follows from (4.2) that
e−tλ wλ(x)wλ(y) =
∫
I
wλ(ξ)νt,x,y(dξ)
(
t > 0, x, y ∈ (a, b), λ ∈ Λ) (4.5)
where the integral converges absolutely. Since {νt,x,y}0<t≤1, x,y∈(a,β] is tight, given x, y ∈ I there exists a
sequence {(tn, xn, yn)}n∈N ⊂ (0,+∞)× (a, b)× (a, b) such that (tn, xn, yn)→ (0, x, y) and the measures
νtn,xn,yn converge weakly to a measure νx,y ∈ P(I) as n→∞. Moreover, if (x, y) 6= (a, a) and ν1x,y,ν2x,y
denote two such limits with approximating sequences {(tjn, xjn, yjn)}n∈N, then for j = 1, 2 and g ∈ D(L(2))∩
Cc(I) we have∫
I
g(ξ)νjx,y(dξ) = lim
n→∞
∫
Λ
e−t
j
nλwλ(x
j
n)wλ(y
j
n) (Fg)(λ)ρL(dλ) =
∫
Λ
wλ(x)wλ(y) (Fg)(λ)ρL(dλ)
so that ν1x,y = ν2x,y. This shows that the measures νt,x˜,y˜ converge weakly as (t, x˜, y˜) → (0, x, y) to a
unique limit νx,y which is characterized by the identity
∫
I
g(ξ)νx,y(dξ) =
∫
Λ
wλ(x)wλ(y) (Fg)(λ)ρL(dλ)
(g ∈ D(2,0), x, y ∈ I, (x, y) 6= (a, a)). Using this fact and the reasoning in the proof of [51, Proposition
5.2(ii)], we can verify that each measure µ ∈ MC(I) is uniquely determined by the family of integrals
{µ(wλ)}λ∈Λ. From this it follows, by taking limits in both sides of (4.5), that the measure νa,a = δa is
the unique weak limit of νtn,xn,yn as (tn, xn, yn)→ (0, a, a).
For µ, ν ∈ MC(I), define (µ  ν)(dξ) :=
∫
I
∫
I
νx,y(dξ)µ(dx) ν(dy), where νx,y ∈ P(I) is the unique
weak limit described above. Then (4.5) yields that
wλ(x)wλ(y) =
∫
I
wλ(ξ) (δx  δy)(dξ)
(
x, y ∈ I, λ ∈ Λ) (4.6)
and, consequently, condition III of Definition 2.1 holds with Θ = {wλ}λ∈Λ. It is also clear that (MC(I), )
is a commutative Banach algebra over C with identity element δa and that P(I)P(I) ⊂ P(I). From the
tightness of {νt,x,y}0<t≤1, x,y∈(a,β] (β < b) it follows that the family of limits {νx,y}x,y∈(a,β] is also tight;
it then follows from (4.6) that the map (x, y) 7→ νx,y is continuous with respect to the weak topology
and, consequently, (µ, ν) 7→ µν is also continuous. Finally, it follows from (4.2)–(4.3) that the transition
kernel pt,x(dy) ≡ p(t, x, y) r(y)dy is such that pt,x(wλ) = pt,a(wλ)wλ(x) for all t > 0 x ∈ I and λ ∈ Λ.
We thus have pt,x = pt,a  δx, hence condition IV of Definition 2.1 holds.
We note that the assumption that e−t· ∈ L2(Λ;ρL) holds for all Sturm-Liouville operators whose left
endpoint a is regular, and it also holds for a fairly large class of operators for which the endpoint a is
entrance [34, 35].
5 Connection with hyperbolic and ultrahyperbolic equations
In this section we briefly highlight the role of hyperbolic and ultrahyperbolic partial differential equations
in the construction of an FLTC for a given Feller semigroup.
Consider first the one-dimensional case of Feller semigroups generated by Sturm-Liouville operators.
By Proposition 4.1, in order to prove the existence of an FLTC we need to ensure that
Qt,h(x, y) :=
∫
Λ
e−tλwλ(x)wλ(y) (Fh)(λ)ρL(dλ) ≥ 0 for all h ∈ Cc(I) and t > 0.
The function Qt,h(x, y) is a solution of `xu = `yu (where `x is the Sturm-Liouville operator (4.1) acting
on the variable x) satisfying the boundary conditions Qt,h(x, a) = (Tth)(x) and ∂yQt,h(x, a) = 0. Much
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of the existing work on one-dimensional convolutions relies heavily on the study of the properties of this
hyperbolic Cauchy problem, namely existence, uniqueness and positivity of solution (see [4, 5, 51, 52]
and references therein).
Assume now that E is a compact metric space and the Feller semigroup {Tt}t≥0 has a dense orthogonal
set of eigenfunctions {ϕj}j∈N such that ϕ1 = 1 and ϕj(a) = ‖ϕj‖∞ = 1 for all j ∈ N. We saw in
Proposition 3.3 that the positivity property
Qt,h(x, y) :=
∞∑
j=1
1
‖ϕj‖22
e−tλjϕj(x)ϕj(y) 〈h, ϕj〉 ≥ 0 for all h ∈ C(E) and t > 0.
is crucial in proving the existence of an FLTC for {Tt}. The function Qt,h(x, y) is now a solution of
Gxu = Gyu (where Gx is the Feller generator G acting on the variable x) such that Qt,h(x, a) = (Tth)(x).
Moreover, since the point a is a maximizer of all the eigenfunctions ϕj , the functionQt,h(x, y) also satisfies
(at least formally) the boundary condition (∇yQt,h)(x, a) = 0. (This could be justified e.g. by proving
that the series can be differentiated term by term. In the next section we will see that this argument can
be applied to the Neumann Laplacian on suitable bounded domains of Rd.) This indicates that, as for
the one-dimensional problem, the (positivity) properties of the boundary value problem
Gxu = Gyu, u(x, a) = u0(x), (∇yu)(x, a) = 0 (5.1)
are related with the problem of constructing a convolution associated with the given strong Feller semi-
group.
Consider Examples 2.3–2.4 or, more generally, any example of a strong Feller semigroup generated
by a uniformly elliptic differential operator on E ⊂ Rd (d > 2). In this context, the principal part
of the differential operator Gx − Gy has d terms ∂2∂x2j with positive coefficient and d terms
∂2
∂y2j
with
negative coefficient. Such partial differential operators are often said to be of ultrahyperbolic type (cf.
e.g. [44, §I.5] and [45, Definition 2.6]). According to the results of [15] and [14, §VI.17], the solution for
the boundary value problem (5.1) is, in general, not unique. The existing theory on well-posedness of
ultrahyperbolic boundary value problems is, in many other respects, rather incomplete; in particular, as
far as we know, no maximum principles have been determined for such problems. Adapting the partial
differential equation techniques commonly used in the study of one-dimensional convolutions to problems
defined on multidimensional spaces is, therefore, a highly nontrivial problem.
6 Nonexistence results for convolutions on multidimensional do-
mains
The results of Section 3 show that the existence of an FLTC for a given multidimensional diffusion process
depends on two conditions – the common maximizer property and the positivity of an ultrahyperbolic
boundary value problem – for which there are no reasons to hope that they can be established other
than in special cases. In particular, the common maximizer property is rather counter-intuitive in the
multidimensional setting: while in the case of one-dimensional diffusions it is natural that the properties
of a Sturm-Liouville operator enforce one of the endpoints of the interval to be a common maximizer,
this is no longer natural on bounded domains of Rd with differentiable boundary or on smooth manifold
because one no longer expects that one of the points of the boundary will play a special role.
In fact, as we will see in Subsection 6.2, under certain conditions one can prove that (reflected)
Brownian motions on bounded domains of Rd or on compact Riemannian manifolds (cf. Examples 2.4
and 2.2 respectively) do not satisfy the common maximizer property and, therefore, it is not possible to
construct an associated FLTC. The preceding Subsection 6.1 discusses some examples which are useful
in better understanding the geometrical properties of the eigenfunctions that are usually encountered in
the multidimensional case.
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6.1 Special cases and numerical examples
The first example illustrates the fact that the construction of the convolution becomes trivial if the
generator of the multidimensional diffusion decomposes trivially (via separation of variables) into one-
dimensional Sturm-Liouville operators for which an associated FLTC exists.
Example 6.1 (Neumann eigenfunctions of a d-dimensional rectangle). Consider the d-dimensional rect-
angle E = [0, β1]× . . .× [0, βd] ⊂ Rd. The (nonnormalized) eigenfunctions of the Neumann Laplacian on
E and the associated eigenvalues are given by
ϕj1,...,jd(x1, . . . , xd) =
d∏
k=1
cos
(
pijk
xk
βk
)
, λj1,...,jd = pi
2
d∑
k=1
j2k
β2k
(j1, . . . , jd ∈ N0).
These eigenfunctions constitute an orthogonal basis of L2(E, dx). The point (0, . . . , 0) is, obviously, a
maximizer of all the functions ϕj1,...,jd , thus the common maximizer property holds.
The eigenfunctions ϕj1,...,jd(·) are the product of the eigenfunctions of the Sturm-Liouville operators
− d2
dx2k
on the interval [0, βk] (with Neumann condition). It is known [5, Example 3.4.6] that the two-point
support convolution δx }
βk
δy =
1
2 (δ|x−y| + δβk−|βk−x−y|) is the convolution of a hypergroup of compact
type. Therefore, it is an FLTC for the semigroup generated by this Sturm-Liouville operator. Accordingly,
one can easily check that the product of the convolutions ([0, β1], }
β1
), . . . , ([0, βd], }
βd
), defined as
(µ  ν)(·) =
∫
E
∫
E
(
(δx1 }
β1
δy1)⊗ . . .⊗ (δxd }
βd
δyd)
)
(·)µ(dx)ν(dy),
satisfies all the requirements of Definition 2.1, i.e. it is an FLTC for the reflected Brownian motion on E
(cf. Example 2.4).
Next we present three special cases of circular regions where one can assess whether the common
maximizer property holds by analysing the known closed-form expressions for the eigenfunctions.
Example 6.2 (Neumann eigenfunctions of disks and balls). Let E ⊂ R2 be the closed disk of radius R.
The eigenfunctions of the Neumann Laplacian on E are given, in polar coordinates, by
ϕ0,k(r, θ) = J0(j
′
0,k
r
R )
ϕm,k,1(r, θ) = Jm(j
′
m,k
r
R ) cos(mθ)
ϕm,k,2(r, θ) = Jm(j
′
m,k
r
R ) sin(mθ)
where m, k ∈ N, Jm(·) is the Bessel function of the first kind, and j′m,k stands for the k-th (simple) zero
of the derivative J ′m(·) (see [32, Section 7.2] and [24, Proposition 2.3]). The corresponding eigenvalues
are λ0,k = (j′0,k/R)
2 (with multiplicity 1) and λm,k = (j′m,k/R)
2 (with multiplicity 2). It is known from
[61, pp. 485, 488]) that for m ≥ 1 we have |Jm(j′m,k)| > |Jm(x)| for all x > j′m,k, hence the eigenfunctions
ϕm,k,1 and ϕm,k,2 (m ≥ 1) attain their global maximum on the circle
{
r =
j′m,1
j′m,k
R
}
. This shows, in
particular, that no orthogonal basis of L2(E, dx) composed of Neumann eigenfunctions can satisfy the
common maximizer property.
More generally, if E ⊂ Rd is a closed d-ball with radius R, then the eigenfunctions of the Neumann
Laplacian on E are
ϕm,k(r, θ) = r
1− d2 Jm−1+ d2 (cm,k
r
R )Hm(θ)
where (r, θ) are hyperspherical coordinates, m ∈ N0, k ∈ N, Hm is a spherical harmonic of order m (see
[32]) and cm,k is the k-th zero of the function ξ 7→ (1− d2 )Jm−1+ d2 (ξ) + ξJ
′
m−1+ d2
(ξ). The corresponding
eigenvalues are λm,k = c2m,k, whose multiplicity is equal to the dimension of the space of spherical
harmonics of order m. By similar arguments we conclude that the common maximizer property does not
hold.
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(a) Closed form expressions
(b) Numerical approximation
Figure 1: Contour plots of the Neumann eigenfunctions of a circular annulus with inner radius r0 = 0.3
and outer radius R = 1. In panel (b), the notation ωk refers to the orthogonal eigenfunction associated
with the k-th largest eigenvalue λk. In both panels the eigenfunctions were normalized so that their L2
norm equals 1. Similar results were obtained for other values of r0R .
Example 6.3 (Neumann eigenfunctions of a circular sector). Let E ⊂ R2 be the sector of angle piq ,
E = {(r cos θ, r sin θ) | 0 ≤ r ≤ 1, 0 ≤ θ ≤ piq }, where q ∈ N. The eigenfunctions of the Neumann
Laplacian on E and the associated eigenvalues (which have multiplicity 1, cf. [6]) are given by
ϕm,k(r, θ) = cos(qmθ)Jqm(j
′
qm,k
r
R ), λm,k = (j
′
qm,k/R)
2.
As in the previous example it follows that the global maximizer of ϕm,k lies in the arc
{
r =
j′qm,1
j′qm,k
R
}
, so
that the common maximizer property does not hold.
Example 6.4 (Neumann eigenfunctions of a circular annulus). If E ⊂ R2 is the annulus {(r, θ) | r0 ≤
r ≤ R, 0 ≤ θ < 2pi}, where 0 < r0 < R <∞, then the Neumann eigenfunctions on E are
ϕ0,k(r, θ) = J0(c0,k
r
R )Y
′
0(c0,k)− J ′0(c0,k)Y0(c0,k rR )
ϕm,k,1(r, θ) =
(
Jm(cm,k
r
R )Y
′
m(cm,k)− J ′m(cm,k)Ym(cm,k rR )
)
cos(mθ)
ϕm,k,2(r, θ) =
(
Jm(cm,k
r
R )Y
′
m(cm,k)− J ′m(cm,k)Ym(cm,k rR )
)
sin(mθ)
(6.1)
where m, k = 1, 2, . . ., Ym(·) is the Bessel function of the second kind [42, §10.2] and cm,k is the k-th zero
of the function ξ 7→ J ′m( r0R ξ)Y ′m(ξ) − J ′m(ξ)Y ′m( r0R ξ). The associated eigenvalues are λm,k = (c2m,k/R2).
Figure 1 presents the contour plots of some of the Neumann eigenfunctions, obtained in two different ways:
in panel (a) using the explicit representations (6.1), where the constants cm,k are computed numerically
with the help of the NSolve function of Wolfram Mathematica; and in panel (b) using a numerical
approximation of the eigenvalues and eigenfunctions which was computed via the NDEigensystem routine
of Wolfram Mathematica. Since the eigenvalues λm,k with m ≥ 1 have multiplicity 2, the plots obtained
by these two approaches differ by a rotation. The results indicate that some of the eigenfunctions (those
associated with the first zero cm,1) attain their maximum at the outer circle {r = R}, while other
eigenfunctions (those associated with the higher zeros cm,k, k ≥ 2) attain their maximum either at the
inner circle {r = r0} or at the interior of the annulus. It is therefore clear that the Neumann eigenfunctions
do not satisfy the common maximizer property.
There are few other examples of domains of Rd for which the Neumann eigenfunctions can be computed
in closed form. However, in the general case of an arbitrary domain E ⊂ R2 it is still possible to find
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Figure 2: Contour plots of some eigenfunctions of a region obtained by a non-symmetric deformation
of an ellipse. (As above, we denote by ωk the Neumann eigenfunction associated with the k-th largest
eigenvalue λk, and the plots were produced using the NDEigensystem function of Wolfram Mathematica.)
Figure 3: Contour plots of the Neumann eigenfunctions of a region obtained by a non-symmetric defor-
mation of a pentagon with smoothed corners.
out whether the common maximizer property holds by inspecting the contour plots of the eigenfunctions;
these can be computed, for a given bounded domain of R2, by the same procedure which was used to
produce the plots in panel (b) of Figure 1.
This is illustrated in Figures 2 and 3, which present the contour plots of the first eigenfunctions of
two non-symmetric bounded regions of R2 with smooth boundary. As we can see, the eigenfunctions
attain their maximum values at different points which lie either on the boundary or at the interior of the
domain. Note also that the associated eigenvalues are simple, which is unsurprising since the domain has
no symmetries (cf. comment after Corollary 3.4).
Remark 6.5 (Connection with the hot spots conjecture). All the examples presented above have the
property that if ϕ2 is an eigenfunction associated with the smallest nonzero Neumann eigenvalue λ2,
then the maximum and minimum of ϕ2 are attained at the boundary ∂E. This is the so-called hot spots
conjecture of J. Rauch, which asserts that this property should hold on any bounded domain of Rd. The
physical intuition behind this conjecture is that, for large times, the hottest point on an insulated body
with a given initial temperature distribution should converge towards the boundary of the body.
The hot spots conjecture has been extensively studied in the last two decades: it has been shown
that the conjecture holds on convex planar domains with a line of symmetry [2, 43], on convex domains
E ⊂ R2 with diam(E)2Area(E) < 1.378 [40] and on any Euclidean triangle [31] (for further positive results see [31]
and references therein). On the other hand, some counterexamples have also been found, namely certain
domains with holes [9].
The common maximizer property can be interpreted as an extended hot spots conjecture: instead of
requiring that the maximum of (the absolute value of) the second Neumann eigenfunction is attained at
the boundary, one requires that the maximum of all the eigenfunctions is attained at a common point of
the boundary. The negative result of Corollary 6.7 below shows that the location of the hottest point in
the limiting distribution (as time goes to infinity) of the temperature of an insulated body depends on
the initial temperature distribution.
The common maximizer property and the hot spots conjecture are subtopics of the more general
problem of understanding the topological and geometrical structure of Laplacian eigenfunctions, which is
the subject of a huge amount of literature. We refer to [21, 29] for a survey of known facts, applications
and related references.
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6.2 Eigenfunction expansions, critical points and nonexistence theorems
We now proceed to discuss the (failure of the) common maximizer property for reflected Brownian motions
on general bounded domains of Rd (d ≥ 2). Our strategy for disproving the existence of common
maximizers is based on two observations. The first is quite obvious: if a is a common maximizer for
the eigenfunctions {ϕj}j∈N, then it is a common critical point, i.e. we have (∇ϕj)(a) = 0 for all j. The
second observation is that the usual eigenfunction expansion
f =
∞∑
j=1
1
‖ϕj‖22
〈f, ϕj〉ϕj (6.2)
suggests that the point a will also be a critical point of any function f which is sufficiently regular so that
the expansion (6.2) is convergent in the pointwise sense and can be differentiated term by term. Thus if
we prove that such pointwise convergence and differentiation is admissible for a class of functions whose
derivatives are not restricted to vanish at any given point, then the common maximizer property cannot
hold. The next proposition and corollary make this rigorous.
Proposition 6.6. Let E ⊂ Rd be the closure of a bounded convex domain. Let {Xt} be the reflected
Brownian motion on E (Example 2.4), let {ωj}j∈N be an orthonormal basis of L2(E) ≡ L2(E, dx)
consisting of eigenfunctions of the Neumann Laplacian −G(2) ≡ −∆N : D(∆N ) −→ L2(E) and let
0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ . . . be the associated eigenvalues. Let m ∈ N, m > d2 + 1 and let h ∈ Hm(E) be a
function such that ∆kh ∈ D(∆N ) for k = 0, 1, . . . ,m− 1. Then
h(x) =
∞∑
j=0
〈h, ωj〉ωj(x) and (∇h)(x) =
∞∑
j=0
〈h, ωj〉(∇ωj)(x) for all x ∈ E, (6.3)
where both series converge absolutely and uniformly on E.
Proof. Let {T (2)t }t≥0 and {R(2)η }η>0 be, respectively, the strongly continuous semigroup and resolvent
on L2(E) generated by the Neumann Laplacian and let pt(x, y) be the Neumann heat kernel, i.e. the
transition density of the semigroup {T (2)t }. Using the Sobolev embedding theorem [62, Corollary 6.1],
one can prove (cf. [17, proof of Theorem 5.2.1]) that the heat kernel is C∞ jointly in the variables
(t, x, y) ∈ (0,∞)× E × E. Denote by ∂~v,x the directional derivative with respect to the variable x ∈ Rd
in a given direction ~v ∈ Rd \ {0}. Then there are constants cj such that the following estimates hold:
pt(x, y) ≤ c1t−d/2 exp
(
−|x− y|
2
c2t
)
(6.4)
|∂~v,ypt(x, y)| ≤ c3t−(d+1)/2 exp
(
−|x− y|
2
c4t
)
. (6.5)
(The first of these estimates is a basic property of the Neumann heat kernel, see [3, Theorem 3.1]. The
second estimate was established in [60, Lemma 3.1].) Using the basic semigroup identity for the heat
kernel, we obtain
|∂~v,x∂~v,ypt(x, y)| ≤
∫
E
|∂~v,xpt/2(x, ξ) ∂~v,ypt/2(ξ, y)|dξ ≤ c5t−(d+1) exp
(
−|x− y|
2
2c4t
)
. (6.6)
Next we recall that [16, Problem 2.9]
(R(2)α )kh ≡ (α−∆N )−kh =
1
(k − 1)!
∫ ∞
0
e−αttk−1 T (2)t h dt (h ∈ L2(E), α > 0, k = 1, 2, . . .)
and therefore the k-th power (R(2)α )k of the resolvent is an integral operator with kernel
Gα,k(x, y) =
1
(k − 1)!
∫ ∞
0
e−αttk−1pt(x, y) dt. (6.7)
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If k = 2m > d+ 1, then using the estimate (6.4) we see that Gα,2m(x, x) < ∞ and, furthermore, Gα,2m
is a continuous function of (x, y) ∈ E × E. Since E is compact and (R(2)α )2m : L2(E) −→ L2(E) is
nonnegative and has a continuous kernel, an application of Mercer’s theorem [49, Theorem 3.11.9] yields
that the kernel Gα,2m can be represented by the spectral expansion
Gα,2m(x, y) =
∞∑
j=1
ωj(x)ωj(y)
(α+ λj)2m
(6.8)
where the series converges absolutely and uniformly in (x, y) ∈ E × E. (Note that ((α + λj)−2m, ωj)
are the eigenvalue-eigenfunction pairs for R(2)α .) In addition, it follows from (6.7) and the estimates
(6.5)–(6.6) that
∂~v,x∂~v,yGα,2m(x, y) =
1
(2m− 1)!
∫ ∞
0
e−αtt2m−1∂~v,x∂~v,ypt(x, y) dt
where the integral converges absolutely and uniformly and defines a continuous function of (x, y) ∈ E×E.
(The function ∂~v,yGα,2m is also continuous on E × E.) Using standard arguments (cf. [41, §21.2, proof
of Corollary 3]), one can then deduce from (6.8) that
∂~v,x∂~v,yG
(2m)
α (x, y) =
∞∑
j=1
(∂~vωj)(x)(∂~vωj)(y)
(α+ λj)2m
(6.9)
again with absolute and uniform convergence in (x, y) ∈ E × E.
Let h ∈ Hm(E) be such that ∆kh ∈ D(∆N ) for k = 0, 1, . . . ,m − 1, and write h = Rmα g where
g := (α −∆N )mh ∈ L2(E). Since m > d2 + 1, we have h ∈ C1(E) by the Sobolev embedding theorem.
We thus have
∞∑
j=0
∣∣〈h, ωj〉ωj(x)∣∣ = ∞∑
j=0
|〈g, ωj〉|
(α+ λj)m
|ωj(x)|
≤
( ∞∑
j=0
|〈g, ωj〉|2
)1
2
·
( ∞∑
j=0
|ωj(x)|2
(α+ λj)2m
)1
2
= ‖g‖·(G(2m)α (x, x))1/2 <∞
and similarly
∞∑
j=0
∣∣〈h, ωj〉(∂~vωj)(x)∣∣ ≤ ‖g‖· ∣∣∂~v,x∂~v,yG(2m)α (x, x)∣∣1/2 <∞.
This shows that the series in the right-hand sides of (6.3) converge absolutely and uniformly in x ∈ E,
and the result immediately follows.
Corollary 6.7 (Nonexistence of common critical points). Let m ∈ N, m > d2 + 1 and let E ⊂ Rd (d ≥ 2)
be the closure of a bounded convex domain with C2m+2 boundary ∂E. Let {ωj}j∈N be an orthonormal
basis of L2(E) consisting of eigenfunctions of −∆N . Then for each x0 ∈ E there exists j ∈ N such that
(∇ωj)(x0) 6= 0.
Proof. If x0 ∈ E˚, it is clearly possible to choose h ∈ C∞c (E) ⊂ {u ∈ Hm(E) | u,∆u, . . . ,∆m−1u ∈
D(∆N )} such that (∇h)(x0) 6= 0. If x0 belongs to ∂E, let ~v ∈ T∂E(x0) \ {0} and choose ϕ ∈ C∞(∂E)
such that dϕx0(~v) 6= 0. Combining the inverse trace theorem for Sobolev spaces [62, Theorem 8.8] with
the Sobolev embedding theorem, we find that that there exists h ∈ H2m(E) ⊂ C1(E) such that
h|∂E = ϕ and Tr∂E
( ∂jh
∂nj
)
= 0, j = 1, 2, . . . , 2m− 1
where n denotes the unit outer normal vector orthogonal to ∂E. Consequently, h is such that (∇h)(x0) 6=
0 and h,∆h, . . . ,∆m−1h ∈ D(∆N ) =
{
u ∈ H2(E) ∣∣ Tr∂E( ∂h∂n) = 0}. (This characterization of D(∆N ) is
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well-known, see [48, Section 10.6.2].) Therefore, given any x0 ∈ E we can apply Proposition 6.6 to the
function h defined above to conclude that
∞∑
j=0
〈h, ωj〉(∇ωj)(x0) = (∇h)(x0) 6= 0,
which implies that (∇ωj)(x0) 6= 0 for at least one j.
The conclusions of Proposition 6.6 and Corollary 6.7 are also valid for the eigenfunctions of the
Laplace-Beltrami operator on a compact Riemannian manifold (Example 2.2):
Proposition 6.8 (Nonexistence of common critical points on compact Riemannian manifolds). Let (E, g)
be a compact Riemannian manifold (without boundary) of dimension d and {ωj}j∈N an orthonormal basis
of L2(E,m) consisting of eigenfunctions of the Laplace-Beltrami operator on (E, g). Then (6.3) holds
for all functions h ∈ H2m(E) := {u | u,∆u, . . . ,∆mu ∈ L2(E,m)} (m ∈ N, m > d4 + 12), with the
series converging absolutely and uniformly. Furthermore, for each x0 ∈ E there exists j ∈ N such that
(∇ωj)(x0) 6= 0.
Proof. We know from [17, Theorem 5.2.1] that the heat kernel pt(x, y) for the Laplace-Beltrami operator
is C∞ jointly in the variables (t, x, y) ∈ (0,∞) × E × E. In addition, the heat kernel pt(x, y) and its
gradient satisfy, for 0 < t ≤ 1 and x, y ∈ E, the upper bounds
pt(x, y) ≤ c1t−d/2 exp
(
−d(x, y)
2
c2t
)
, |∇ypt(x, y)| ≤ c3t−(d+1)/2 exp
(
−d(x, y)
2
c4t
)
where d is the Riemannian distance function. (For the proof see [27] and [22, Corollary 15.17].) Let
U ⊂ E be a coordinate neighbourhood. Arguing as in the proof of Proposition 6.6, we find that for
x, y ∈ U the kernel of the 2m-th power of the resolvent admits the spectral representation (6.8) and can
be differentiated term by term as in (6.9). (The directional derivatives are defined in local coordinates.)
We know that form > d4 +
1
2 the Sobolev embedding H
2m(E) ⊂ C1(E) holds on the Riemannian manifold
E [22, Theorem 7.1]; therefore, the estimation carried out above yields that the expansions (6.3) hold.
We have ∂E = ∅, thus for each x0 ∈ E we can choose h ∈ C∞(E) such that (∇h)(x0) 6= 0. As in the
proof of Corollary 6.7 it follows that (∇ωj)(x0) 6= 0 for at least one j.
As noted above, the existence of a common critical point is a necessary condition for the common
maximizer property to hold; in turn, this is (under the assumption that the spectrum is simple, cf.
Corollary 3.4) a necessary condition for the existence of an FLTC. Therefore, the following nonexistence
theorem is a direct consequence of the preceding results.
Theorem 6.9. Let {Tt}t≥0 be either the Feller semigroup on a bounded domain E ⊂ Rd with C2m+2
boundary (m > d2 + 1) associated with the reflected Brownian motion on E or the Feller semigroup
associated with the Brownian motion on a compact Riemannian manifold. Assume that the operator T (2)1
has simple spectrum. Then there exists no FLTC for the semigroup {Tt}.
This theorem is not applicable to regular polygons and other domains which are invariant under reflec-
tion or rotation (i.e. under the natural action of a dihedral group), as this invariance enforces the presence
of eigenvalues with multiplicity greater than 1. On the other hand, we know that the eigenspaces on such
symmetric domains can be associated to the different symmetry subspaces of the irreducible represen-
tations of the dihedral group [23]. In most cases, the multiplicity of all the eigenspaces corresponding
to the one-dimensional irreducible representations is equal to 1 [39]; therefore, an adaptation of the
proofs presented above should allow us to establish the nonexistence of common critical points among
the eigenfunctions associated to the one-dimensional eigenspaces.
The nonexistence theorem established above strongly depends on the discreteness of the spectrum of
the generator of the Feller process. Extending Theorem 6.9 to Brownian motions on unbounded domains
22
on Rd or on noncompact Riemannian manifolds is a challenging problem, as these diffusions generally
have a nonempty continuous spectrum. We leave this topic for future research.
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